Abstract. We study the number of cycles and their average length in L×N lattice by using classical method of transfer matrix. In this work, we derive a bivariate generating function G 3 (y, z) in which a coefficient of y i z j is the number of cycles of length i in 3×j lattice. By using the bivariate generating function, we show that the average length of cycles in 3 × N lattice is αN + β + o(1) where α and β are some algebraic numbers approximately equal to 3.166 and 0.961, respectively. We argue generalizations of this method for L ≥ 4, and obtain a generating function of the number of cycles in L × N lattice for L up to 7.
. 3 × 9 lattice.
Introduction
Self-avoiding walks and self-avoiding polygons on two-dimensional lattice has been studied in chemistry, physics, combinatorial mathematics and computer science [1, 2] . In this work, we use a classical method of transfer matrix for counting the number of cycles (self-avoiding polygons) and computing their average length on L × N lattice where L is fixed to be constant. The L × N lattice has L + 1 nodes in the vertical direction and N + 1 nodes in the horizontal direction like 3 × 9 lattice in Figure 1 . By using both of theory of generating function and numerical calculation on a computer, we obtain the following theorem.
Theorem 1
The average length of cycles in 3 × N lattice is αN + β + o(1) where α and β are some algebraic numbers approximately equal to 3.166 and 0.961, respectively.
For obtaining Theorem 1, we introduce a bivariate generating function G 3 (y, z) in which a coefficient of y i z j is the number of cycles of length i in 3 × j lattice. The derivation of the bivariate generating function G 3 (y, z) is the theoretical contribution of this work. This paper is organized as follows. In Section 2, we apply the classical method of transfer matrix for counting the number of cycles in 3 × N lattice, and obtain a generating function of this problem. Although this is a simple extension of Stoyan and Strehl's work for Hamiltonian cycles [3] , the generating function for this problem has not been written in any literature in author's knowledge. In Section 3, we derive the bivariate generating function G 3 (y, z) mentioned above. By using this bivariate generating function, we obtain a univariate generating function of the sum of length of cycles in 3 × N lattice. From the univariate generating functions, we obtain an asymptotic behavior of average length of cycles in Theorem 1. In Section 4, we argue how this method can be generalized for general L × N lattice. The generating functions of the number of cycles in L × N lattice are shown for L ∈ {4, 5} (In fact, we obtain the generating function up to L = 7). In Section 5, we summarize this work and introduce other applications of the bivariate generating function. 
Cycles in 3 × N lattice
In this section, we consider the number of cycles in 3×N lattice. In the classical transfer matrix method, we focus on four horizontal edges as in Figure 2 . A state represents chosen edges in these four edges and their connectivity by edges chosen in previous stages. Since we are interested in cycles, the number of chosen horizontal edges in arbitrary column must be even, i.e., 0, 2 or 4. We use a notation (i,j) for representing a state using ith edge and jth edge from top. We also use notations (1,2)(3,4) for representing a state using all of four edges in which two top edges (and two bottom edges) are connected like Figure 2 . The notation (1,4)(2,3) are used for representing a state using all of four edges in which top and bottom edges (and two middle edges) are connected. In total, there are eight states except for initial state and final state. Their transition rule is shown in Figure 3 . Additionally, there are initial state s and final state t both of which represent absence of chosen edges. The initial state s connects to all of 8 states except for (1,4)(2,3) since (1,4)(2,3) cannot be generated in a single step. The final state t is connected from all of 8 states except for (1,2)(3,4) since if (1,2)(3,4) is closed, two disjoint cycles are generated. Both of s and t have self-loop. Then, the number of walks from s to t of length N + 1 is the number of cycles, denoted by C 3 (N), in 3 × N lattice. By using 10 × 10 adjacency matrix A of this directed graph, we obtain
Then, the generating function g 3 (z) of C 3 (N) can be represented by
We obtain an explicit form of the generating function g 3 (z).
Here, the denominator of g 3 (z) is equal to
which gives a linear recurrence equation A generating function is also useful for analyzing an asymptotic behavior of sequences [4] . Let λ be an inverse of absolute value of the root closest to the origin of the polynomial 2z 5 + 3z 4 − 7z 3 + 12z 2 − 7z + 1, which appears at the denominator of g 3 (z). Numerically, λ ≈ 4.75348116077213. Since this root is not duplicated,
where ǫ is some constant smaller than 1 and
Length of cycles in 3 × N lattice
For computing a sum of length of cycles, we introduce a 10 × 10 matrix A(y) which is similar to A in the previous section, but has elements y i instead of 1 where i denotes the number of edges used for the transition of states. Figure 3 shows the number of edges used for transitions. Of course, the number of used edges regarding self-loop, initial state and final state should be counted appropriately as well. Then, we obtain a bivariate generating function
in which a coefficient of y i z j is the number of cycles of length i in 3 × j lattice. This bivariate generating function can be computed immediately by using SageMath [5] . Explicit form of G 3 (y, z) is shown in Appendix. Then, ∂G 3 (y, z)/∂y| y=1 gives a univariate generating function ℓ 3 (z) of the sum of length of cycles, denoted by L 3 (N)
2 which was obtained immediately by SageMath as well. Interestingly, the denominator of ℓ 3 (z) is very similar to the denominator of g 3 (z). Of course, the set of roots of the denominator of ℓ 3 (z) is the same as those of g 3 (z). The root closest to the origin has multiplicity 2. In this case [4] , from a partial fraction decomposition of ℓ 3 (z)
given by SageMath [5] and from some elementary calculations, we obtain
Hence, the average length of cycles in 3 × N lattice is asymptotically (α
, which proves Theorem 1.
Generalization for L × N lattice

Number of states and matrix
In this section, we consider generalizations of results in previous sections for general L × N lattice. First, we analyze the number of states required for the transfer matrix method. In fact, the Motzkin number plus 1 states are sufficient [3, 2] . Here, the nth Motzkin number is the number of ways for making (not necessarily perfect) pairs on {1, 2, · · · , n} avoiding "alternate pairs", i.e., (x 1 , x 2 ) and (y 1 , y 2 ) such that x 1 < y 1 < x 2 < y 2 . It is easy to check that the nth Motzkin number M(n) satisfies a recurrence equation
In the computation of the adjacency matrix, a decision of direct connectivity of two given states seems to be hard. A rather simple way to construct the adjacency matrix is to apply 2 L choices of vertical edges for given state. Much of them would be inconsistent, and some of them allow transition to another state. This means that the row and column weights of the matrix is at most 2 L . Since the matrix is sparse, a representation of the directed graph by adjacency list is much efficient than a representation by adjacency matrix. In this way, we could construct the adjacency lists up to L = 14. We obtained generating functions g L (z) for the number of cycles in L × N lattice up to L = 7 by using SageMath [5] . Explicit forms of g 4 (z) and g 5 (z) are shown in Appendix. We expect that we can also obtain the bivariate generating function G L (y, z) and the generating function ℓ L (z) of the sum of length of cycles in L × N lattice for L ≥ 4.
Reducing the number of states
We can reduce the number of states by using symmetricity of the problem. For instance, there are two pairs of assymmetric states "(1,2) and (3,4)", and "(1,3) and (2,4)" for 3 × N lattice. The number of configurations corresponding to (1,2) (and (1,3) ) and that for (3,4) (and (2,4), respectively) are equal. In general, for asymmetric state u, the number of configurations corresponding to a state u and the number of configurations corresponding to a stateū which is a symmetric counterpart of u are equal. It is also easy to check that the number S(n) of symmetric states satisfies a recurrence equation
Then, we obtain an upper bound 1 + S(n) + (M(n) − S(n))/2 of the number of required states. Table 1 shows the exact minimum number of states, which is the degree of denominator of generating function g L (z), and the upper bound obtained above. The upper bound seems to be tight at least up to L = 7.
The computation of generating function by SageMath from (M(L)+1)×(M(L)+1) matrix for large L seems to be hard since the size of matrix grows exponentially with respect to L, since each element of matrix includes a variable z, and since coefficients in generating function are greater than 2 64 . In [3] , it is noted that the derivation of the linear recurrence relation of length d on GF(p) from given sequence of length 2d by Berlekamp-Massey algorithm for several large primes p and the reconstruction of the linear recurrence relation by Chinese remainder theorem gives an efficient algorithm, which takes O(d 2 ) time for each prime. This method may allow the computation of the linear recurrence relation up to L = 11 (Note that M(12) = 15511). However, for L = 12, a square of M(13) = 41835 time seems to be infeasible. We may be able to compute the generating function and the linear recurrence relation for L ≥ 12 by exploiting the sparsity of the matrix [6] . 
Summary
We derive a bivariate generating functions G 3 (y, z) in which a coefficient of y i z j is the number of cycles of length i in 3 × j lattice. We obtained a generating function of the sum of length of cycles by ∂G 3 (y, z)/∂y| y=1 . From analysis of generating functions, we obtain the average length 3.166N + 0.961 of cycles in 3 × N lattice.
The bivariate generating function G 3 (y, z) would be useful for many applications. For instance, ∂ 2 G 3 (y, z)/∂y 2 | y=1 gives a generating function for the sum of "length × (length − 1)" of cycles in 3 × N lattice. This gives the variance of length of cycles in 3 × N lattice. This method of the bivariate generating function can be generalized to larger L and also to self-avoiding walks.
In this appendix, several generating functions are shown. The numerator of G 3 (y, z) is 
